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Mott transition and ferrimagnetism are studied in the Hubbard model on the anisotropic kagome´
lattice using the variational cluster approximation and the phase diagram at zero temperature and
half-filling is analyzed. The ferrimagnetic phase rapidly grows as the geometric frustration is relaxed,
and the Mott insulator phase disappears in moderately frustrated region, showing that the ferri-
magnetic fluctuations stemming from the relaxation of the geometric frustration is enhanced by the
electron correlations. In metallic phase, heavy fermion behavior is observed and mass enhancement
factor is computed. Enhancement of effective spatial anisotropy by the electron correlations is also
confirmed in moderately frustrated region, and its effect on heavy fermion behavior is examined.
PACS numbers: 71.30.+h, 71.10.Fd, 71.27.+a
Effect of geometric frustration is one of the most
important subjects actively studied in the field of
strongly correlated electron systems. For instance,
the heavy fermion behavior in LiV2O4
1,2 with py-
rochlore lattice structure, and the spin liquid states
in the triangular-lattice organic materials κ-(BEDT-
TTF)2X
3–5 and herbertsmithite ZnCu3(OH)6Cl2 with
kagome´ lattice structure6,7 have attracted a lot of at-
tentions.
When spatial anisotropy is introduced in systems with
geometric frustration, the interplay between the spin fluc-
tuations and Mott transition appears as a new feature
and provides unique phenomena which take place nei-
ther in the unfrustrated nor fully frustrated systems. A
reentrant behavior of the Mott transition observed in the
κ-(DEBT-TTY)2Cu[N(CM)2]Cl under pressure
3,5 is an
interesting example realized on an anisotropic triangular-
lattice, where that behavior stems from the enhancement
of the antiferromagnetic fluctuations due to the electron
correlations.8,9
As for the kagome´ lattice, which is a prototype of frus-
FIG. 1: (Color online) (a) Anisotropic kagome´ lattice.
In our lattice geometry, the three sites 1, 2, and 3 form
an equilateral triangle of the unit length and the dashed
lines are along the x direction. Inside the hexagon (dotted
line) and square (dash-dotted line) are the 12- and 6-site
clusters, respectively, which will be used in our analysis.
(b) The first Brillouin zone of the anisotropic kagome´ lattice.
trated systems, a fully frustrated case has been theoreti-
cally studied in detail,10–13 however the issues related to
the anisotropy have been considered only recently. The
Mott transition and magnetic properties near the transi-
tion have been studied using the cellular dynamical mean
field theory14, where the Mott transition point was an-
alyzed and enhancement of spatial anisotropy and spin
correlations were observed. Such enhancement may give
rise to the extension of the ordered (ferrimagnetic) phase.
Therefore, if the Mott transition itself persists without
being veiled by the ferrimagnetic phase remains to be
examined. Also, the effect of the enhanced anisotropy on
the heavy fermion behavior is worth being studied.
In this paper, we investigate the ferrimagnetism and
Mott transition on the anisotropic kagome´ lattice using
the variational cluster approximation (VCA)15–17, which
is formulated based on a rigorous variational principle
and exactly takes into account the short-range correla-
tions. We study the phase diagram at zero temperature
and half-filling. We show that, in moderately frustrated
region, the ferrimagnetic phase rapidly grows down to the
metal-insulator phase boundary, indicating that the spin
correlations stemming from the relaxation of the frus-
tration is enhanced by the electron correlations and the
Mott insulator (MI) phase disappears. In the metallic
phase, heavy fermion behavior is observed and the mass
enhancement of the quasiparticle is computed. Effective
spatial anisotropy becomes also larger due to the elec-
tron correlations, in agreement with the previous study.14
This effect gives rise to an enhancement of the anisotropy
of the effective masses of the quasiparticles.
The Hamiltonian of the Hubbard model on the
anisotropic kagome´ lattice (see Fig. 1) reads
H =−
∑
i,j,σ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
i,σ
niσ, (1)
where tij = t between the sites 1 and 2, 3 and tij = t
′
between the sites 2 and 3, U is the on-site Coulomb repul-
sion, and µ is the chemical potential. The annihilation
(creation) operator for an electron at site i with spin σ is
2denoted as cjσ (c
†
iσ) and niσ = c
†
iσciσ. The system corre-
sponds to the fully frustrated kagome´ lattice at t′/t = 1,
and frustration becomes weaker with decreasing t′/t. The
end member at t′/t = 0 is a decorated square lattice. The
energy unit is set as t = 1 hereafter.
We use VCA15–17 to examine the phase diagram and
behavior of the quasiparticles in the metallic phase at
zero temperature. VCA is an extension of the cluster
perturbation theory15 based on the self-energy-functional
approach.17 This approach uses the rigorous variational
principle δΩt[Σ]/δΣ = 0 for the thermodynamic grand-
potential Ωt written as a functional of the self-energy Σ
Ωt[Σ] = F [Σ] + Tr ln(−(G−10 − Σ)−1). (2)
In the above expression, F [Σ] is the Legendre transform
of the Luttinger-Ward functional18 and the index t de-
notes the explicit dependence of Ωt on all the one-body
operators in the Hamiltonian. The stationary condition
for Ωt[Σ] leads to the Dyson’s equation. All Hamiltonians
with the same interaction part share the same functional
form of F [Σ], and using that property F [Σ] can be eval-
uated from the exact solution of a simpler Hamiltonian
H ′, though the space of the self-energies where F [Σ] is
evaluated is now restricted to that of H ′. In VCA, one
uses for H ′ a Hamiltonian formed of clusters that are dis-
connected by removing hopping terms between identical
clusters that tile the infinite lattice. A possible symme-
try breaking is investigated by including in H ′ the cor-
responding Weiss field that will be determined by mini-
mizing the grand-potential Ωt. Rewriting F [Σ] in terms
of the grand-potential Ω′ ≡ Ω′t[Σ] and Green function
G′−1 ≡ G′0−1 − Σ of the cluster Hamiltonian H ′, the
grand-potential is expressed as
Ωt(t
′) = Ω′−
∫
C
dω
2pi
eδω
∑
K
ln det
(
1 + (G−10 −G′0−1)G′
)
(3)
and is now a function of t′. The functional trace has be-
come an integral over the diagonal variables (frequency
and superlattice wave vectors) of the logarithm of a deter-
minant over intra-cluster indices. The frequency integral
is carried along the imaginary axis and δ → +0. The
stationary solution of Ωt(t
′) and the exact self-energy of
H ′ at the stationary point, denoted as Σ∗, are the ap-
proximate grand-potential and self-energy of H in VCA,
and physical quantities, such as expectation values of the
one-body operators, are calculated using the Green func-
tion G0
−1 − Σ∗. In VCA, the restriction of the space of
the self-energies Σ into that of H ′ is the only approxi-
mation involved and short-range correlations within the
cluster are exactly taken into account by exactly solving
H ′.
In our analysis, the 6- and 12-site clusters in Fig. 1(a)
are used to set up the cluster Hamiltonian H ′. These
clusters have even number of sites so that a singlet ground
state is possible. To study the ferrimagnetism, the Weiss
field
HF = hF
∑
i
sign(i)(ni↑ − ni↓) (4)
with sign(i) = −1 for the site 1 and sign(i) = 1 for
the sites 2 and 3, is also included. In the stationary
point search of Ω(µ′, hF), which we denote as the grand-
potential per site, the Weiss field hF and the cluster
chemical potential µ′ are treated as the variational pa-
rameters, where the latter should be included for the
thermodynamic consistency.19 During the search, the
chemical potential of the system µ is also adjusted so
that the electron density n is equal to 1 within 0.1%. In
general, a stationary solution with hF 6= 0 corresponding
to the ferrimagnetic state and that with hF = 0 corre-
sponding to the paramagnetic state are obtained, and the
ground-state energies per site E = Ω+ µn are compared
to determine which solution (ferrimagnetic or paramag-
netic) is stable. The density of state
D(ω) = lim
η→0
∫
d2k
(2pi)2
3∑
σ,a=1
{− 1
pi
ImGaσ(k, ω + iη)} (5)
is also calculated to examine the gap. To be precise,
D(ω) is calculated for η = 0.2, 0.1, and 0.05, and η → 0
limit is evaluated by the standard extrapolation method.
The numerical error after this extrapolation is estimated
to be of order 10−3, so the gap is identified as the re-
gion of ω around ω ≃ 0 where the extrapolated D(ω) is
less than 10−2. We also compute the ferrimagnetic order
parameter per site
M =
3∑
a=1
(〈na↑〉 − 〈na↓〉)
and the double occupancy per site
Docc. =
1
3
3∑
a=1
〈na↑na↓〉 = dE
dU
where 〈naσ〉 and 〈na↑na↓〉 are the expectation values of
naσ and na↑na↓, respectively, with a =1, 2, and 3 being
the sites in Fig. 1(a).
In Fig. 2, we show the phase diagram at zero temper-
ature and half-filling obtained from this analysis using
the 12-site cluster. The results obtained using the 6-site
cluster are also shown to quantitatively see the cluster
size dependence. The critical interaction strength UF
separating the ferrimagnetic and MI phases rapidly de-
creases in the moderately frustrated region t′ = 0.5 ∼ 0.7,
showing that the ferrimagnetic fluctuations due to the re-
laxation of the geometric frustration is enhanced by the
electron correlations. (At t′ = 0.75 UF > 20 for the 6-
site cluster.) In this region of t′, the ferrimagnetic phase
is an insulator since there is a gap, and the transition
between the ferrimagnetic and paramagnetic (including
MI) phases is a level crossing (first order) because the
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FIG. 2: (Color online) Phase diagram of the Hubbard model
on the anisotropic kagome´ lattice at zero temperature and
half-filling as a function of t′ and U obtained by VCA, where
the 12-site cluster is used (the crosses and circles). Lines are
guides to the eye. The triangles and squares are the results
obtained using the 6-site cluster. The crosses and triangles
correspond to the ferrimagnetic and paramagnetic transition
points and circles and squares are for the Mott transition
points.
ferrimagnetic solutions exist also U < UF even though it
is energetically disfavored there. The critical interaction
strength UMI separating the MI and metallic phases is
slightly smaller than the noninteracting band width W ,
where W = 6 at t′ = 1 and W = 4
√
2 ≃ 5.66 at t′ = 0.
UMI decreases as the geometric frustration is relaxed, and
the slope becomes steeper in moderately frustrated re-
gion. For the 12-site results, at t′ = 0.5, UF = 4.0 while
UMI = 4.1 so the MI phase has disappeared. Taking into
account the drastic growth of ferrimagnetic phase and
the fact that W remains almost the same, the decrease
of UMI according to the relaxation stems from the fer-
rimagnetic fluctuations. As for the Mott transition, we
could not find out the Mott insulator and paramagnetic
metal coexisting region of U at half-filling within our two
controlling parameters µ and µ′. Also as will be shown
later the Mott gap changes continuously as a function of
U . Therefore, we could not find out an indication of the
discontinuity at the Mott transition in this analysis. To
supplement this analysis, we show in Fig. 3 the double
occupancy Docc. as a function of U for the 12-site clus-
ter, which also looks continuous at the transition point.
In Ref. 14 this transition is reported to be first order.
First order Mott transitions are obtained in other models
in the variational cluster approach with bath degrees of
freedom and treating the hybridization between the bath
sites and cluster sites as a variational parameter.20,21 In
these analyses, the coexisting metal and insulator solu-
tions, leading to the first order transition, differ by the
value of these hybridization parameters, and these situa-
tions will be similar to the case of Ref. 14. Our analysis
does not have bath degrees of freedom and technically
this will be the origin of the difference. It remains to be
clarified which is the correct picture.
Next we consider the cluster size dependence of our
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FIG. 3: (Color online) The double occupancy Docc. as a
function of U for t′ = 1.0, 0.8, and 0.6. The 12-site cluster
is used. The three arrows indicate the Mott transition points.
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FIG. 4: (Color online) Mott gap ∆ as a function of U at (a)
t′ = 1.0, (b) t′ = 0.8, and (c), (d) t′ = 0.6. These parameter
regions correspond to the three vertical lines in Fig. 2. For
t′ = 0.6, order parameter M is also included and the vertical
lines separate the ferrimagnetic and MI phase.
results. In general, UMI is larger for larger clusters,
since the kinetic energy of the cluster Hamiltonian can be
larger for larger clusters. As for UF, when spin correla-
tions are highly suppressed due to the frustration, cluster
wave functions with small ferrimagnetic fluctuations play
an important role to examine near the true minimum of
the effective potential, so UF is smaller for larger clus-
ters. When the geometric frustration is moderate and
spin correlations are not largely suppressed, the differ-
ence of cluster kinetic energies due to the cluster size be-
comes more important to determine the phase boundary,
so UF becomes larger for larger clusters. Our result is
consistent with this general argument on the cluster size
dependence. Quantitatively, UF is almost the same for
the 12- and 6-site clusters at t′ = 0.6, and UF is smaller
for the 12-site clusters for t′ > 0.6. Relatively large dif-
ference of UF between the 12- and 6-site cluster results in
strongly frustrated region indicates strong suppression of
the spin correlations. The difference of UMI between the
4FIG. 5: Spectral density at t′ = 0.75 for (a), (b) U = 8
(ferrimagnetic state), (c) U = 6 (MI state), and (d) U = 3
(metallic state) along the dotted line in Fig. 1(b). The
Lorentzian broadening with η = 0.15t is used in all the
cases. In (a) and (b), the solid lines are the mean-field
SDW dispersion for the same values of U , t′ and µ. In
(d), the solid lines are the noninteracting band structure.
In (a), (b), and (c) the peaks are scaled by 5 compared to (d).
12-site and 6-site analysis is less than 20% of W . The
behavior of our UMI according to the relaxation of the
frustration is qualitatively consistent with the previous
results14, though our values for UMI are relatively small
compared to those in Ref. 14. At present the origin of
these discrepancies are not clear to us.
In Fig. 4 we show the Mott gap ∆ and ferrimagnetic
order parameterM as functions of U for t′ = 1.0, 0.8, and
0.6 corresponding to the three vertical lines in Fig. 2. ∆
monotonically decreases as U decreases in all cases and
M is always smaller for the 12-site cluster at t′ = 0.6.
The gap ∆F in the ferrimagnetic phase is slightly larger
than ∆ if U is the same. For example, for U = 10,
∆ = 4.35 at t′ = 0.8 while ∆F = 4.91 at t
′ = 0.7 and
∆F = 5.54 at t
′ = 0.5 in the 12-site analysis.
In Fig. 5 we show the spectral weight function ρ(ω, k)
calculated using the 12-site cluster for solutions corre-
sponding to (a), (b) the ferrimagnetic phase (up and
down spin parts are plotted separately), (c) the MI
phase, and (d) the metallic phase at t′ = 0.75. In (a)
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FIG. 6: (Color online) (a) Ratio r as a function of U for
t′ = 1.0, 0.8, and 0.6. The two arrows indicate the value of r
for noninteracting band at t′ = 0.5 (r = 1.24) and at t′ = 0.4
(r = 1.30). (b)∼(d) Mass enhancement factor m∗/m in the
x and y directions as functions of U for (b) t′ = 1.0, (c)
t′ = 0.8, and (d) t′ = 0.6. The lines are obtained using the
12-site cluster and symbols (squares, triangles, and circles)
are the results with the 6-site cluster. In (a) the squares,
triangles, and circles correspond to t′ = 1.0, 0.8, and 0.6,
respectively. In (b)∼(d) the triangles correspond to the x
direction while the squares correspond to the y direction.
and (b), the mean-field spin-density-wave (SDW) disper-
sion is also included (solid lines) to see its general fea-
tures, where M = 0.92 in the mean-field solution while
M = 0.72 in VCA. In (d), the noninteracting band struc-
ture is also plotted (solid lines) for comparison. In (a)
and (b), the dispersion is largely affected due to the elec-
tron correlations compared to the mean-field solution.
In (c), the SDW dispersion disappears and the spectral
function displays a Mott gap across all wave vectors. The
gap is smaller compared to (a) and (b) since U is smaller.
Comparing with (d), in (c) it looks that the lowest energy
band in (d) is shifted downwards and the second band
splits into lower and upper Hubbard bands while the top
flat band remains almost the same. In (d), we notice that
the spectral function is consistent with the Fermi liquid
state and the interacting bands slightly shrink toward the
Fermi surface, leading to heavy fermion behavior.
To study it in detail, we consider well below the MI
transition line where Fermi liquid natures are confirmed
from the behavior of the spectral function and com-
pute the mass enhancement factor m∗/m along the x
and y directions in k space, where the x direction cor-
responds to the direction of t′ hopping in real space.
Near the Fermi surface the position of the peak (ω, k) =
(ωF +δω, kF +δk) of ρ(ω, k) changes according to the re-
lation |δω| = (kF /m∗)δk and the band mass m∗ is calcu-
lated using this relation. We also compute the ratio of the
Fermi momenta in the x and y directions, r = kyF /kxF .
As t′ decreases, the noninteracting Fermi surface slightly
shrinks in the x direction and slightly evolves in the y
direction10, so r is a measure of the anisotropy includ-
ing the effect of the electron correlations. Even though
5precise values of these quantities may depend on the lat-
tice geometry, we show in Fig. 6 r and m∗/m in the x
and y directions as functions of U for t′ = 1.0, 0.8, and
0.6 in our lattice geometry, to see general features about
the effect of the electron correlations on these quantities.
The lines are the results obtained using the 12-site clus-
ter and symbols are the results with the 6-site cluster.
At t′ = 0.6, r rapidly grows around U ≃ 3 for the 12-
site cluster. This tendency is also observed for the 6-site
cluster, where r turns to grow around U ≃ 1.5. The
rapid growth of r indicates that the effective anisotropy
is enhanced due to the electron correlations in moder-
ately frustrated region. In fact, for the 12-site cluster,
the value of r at t′ = 0.6 and U = 3.5 is equal to that
of noninteracting band at t′ = 0.4. The analysis of the
effective anisotropy was also done in Ref. 14 by consid-
ering the renormalization of the hoping parameters and
our results are qualitatively consistent with their analy-
sis. This enhancement of effective anisotropy indicates
that the spin fluctuations due to the relaxation of the
geometric frustration are also enhanced by the electron
correlations. Within our analysis, this indication is con-
sistent with the rapid growth of the ferrimagnetic phase
above UMI , and it is demonstrated by the analysis of
the spin correlations.14 As is shown in Fig. 6(b)∼(d), the
heavy fermion behavior is observed in all cases for the
12-site cluster. For the 6-site cluster sizable mass en-
hancements are not observed and the 6-site cluster may
not be large enough for subtle analysis related to the
spectral function. The growth of r affects also m∗/m
since kF enters into the calculation of m
∗. In general,
m∗ is enhanced in the y direction and suppressed in the
x direction since the Fermi surface shrinks in the x direc-
tion and evolves in the y direction. This appears largely
in moderately frustrated region due to the rapid growth
of r, as is observed around U ∼ 3.5 for the 12-site clus-
ter results in Fig. 6(d). Therefore the anisotropy of the
effective masses is enhanced in moderately frustrated re-
gion.
In summary we have investigated the ferrimagnetism
and Mott transition on the anisotropic the kagome´ lat-
tice using VCA. The phase diagram at zero temperature
and half-filling is determined. The ferrimagnetic phase
rapidly grows in moderately frustrated region and the
MI phase disappears there. In the metallic phase, heavy
fermion behavior is studied and the mass enhancement
is computed. Enhancement of spatial anisotropy due to
the electron correlations is also observed for moderately
frustrated region and its effect on the heavy fermion be-
havior is discussed. Thus, the interplay between the spin
correlations and Mott transition is quantitatively studied
above and below the metal-insulator transition.
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